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Cèãíàë

Ñèãíàëû: àíàëîãîâûé, äèñêðåòíûé è öè�ðîâîé.

Àíàëîãîâûé ñèãíàë � íåïðåðûâíàÿ �óíêöèèÿ íåïðåðûâíîãî

àðãóìåíòà (ðàäèî�èçèêà �äîöè�ðîâîé ýðû�)

Äèñêðåòíûé (desrete) åñòü íåïðåðûâíàÿ �óíêöèÿ, íî

îïðåäåëåí òîëüêî äëÿ äèñêðåòíûõ çíà÷åíèé àðãóìåíòà.

Çàäàåòñÿ äèñêðåòíîé ïîñëåäîâàòåëüíîñòüþ îòñ÷åòîâ (samples)

u(n∆), n = 0, 1, 2, ..., N. ×àñòîòà ëèñêðåòèçàöèè f = 1/∆,

Öè�ðîâîé (digital) ñèãíàë äèñêðåòåí êàê ïî ñâîèì çíà÷åíèÿì,

òàê è ïî àðãóìåíòó (ðàçíîâèäíîñòü äèñêðåòíîãî ñèãíàëà,

îêðóãëåííîãî äî îïðåäåëåííîãî çíà÷åíèÿ, íàáîð ýòèõ çíà÷åíèé

(øêàëà êâàíòîâàíèÿ) çàäàåòñÿ çàðàíåå. Òàêîå îêðóãëåíèå

ïðèíÿòî íàçûâàòü êâàíòîâàíèåì ñèãíàëà ïî óðîâíþ (íå ïóòàòü

ñ êâàíòîâîé ìåõàíèêîé!).
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â) Öè�ðîâîé ñèãíàë.
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Äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå (ÄÏÔ)

Èìååì äèñêðåòíûé ñèãíàë

uk ≡ u(tk), tk ≡ k∆, k = 0, 1, 2 . . .N − 1, N ÷åòíî (1)

Åñëè u(t) íå îãðàíè÷åíà ïî âðåìåíè � îòáðàñûâàåì �õâîñòû�. N

÷èñåë íà âõîäå � N íà âûõîäå. Îãðàíè÷èìñÿ òîëüêî

äèñêðåòíûì íàáîðîì ÷àñòîò

fn ≡
n

N∆
, n = −

N

2
. . .

N

2
,

(

ωn ≡
2πn

N∆

)

(2)

Êðàéíèå çíà÷åíèÿ n â (2) � ÷àñòîòû Íàéêâèñòà. (n ïðîáåãàåò

N+ 1, à íå N çíà÷åíèé � äâà êðàéíèå çíà÷åíèÿ çàâèñèìû

(ðàâíû).
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Ïðåîáðàçóåì èíòåãðàë Ôóðüå â ñóììó:

U(fn) =

∫
∞

−∞

u(t) e2πifnt dt ≃

N−1∑

k=0

uk e
2πifntk ∆ = ∆

N−1∑

k=0

uk e
2πi kn/N

Ââåäåì îáîçíà÷åíèå Un:

Un =

N−1∑

k=0

uk e
2πi kn/N . (3)

Ïðåîáðàçîâàíèå (3) è íàçûâàþò äèñêðåòíûì ïðåîáðàçîâàíèåì

Ôóðüå. N îòñ÷åòîâ uk ïðåîáðàçóþòñÿ â N êîìïëåêñíûõ ÷èñåë

Un. Ïðåîáðàçîâàíèå (3) íå çàâèñèò îò èíòåðâàëà äèñêðåòèçàöèè

∆. Ñâÿçü ìåæäó îáû÷íûì è äèñêðåòíûì ïðåîáðàçîâàíèåì

Ôóðüå:

U(fn) ≃ Un ∆
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Îáðàòíîå äèñêðåòíîå Ôóðüå ïðåîáðàçîâàíèå (èç íàáîðà Un

ïîëó÷èòü íàáîð uk) çàäàåòñÿ �îðìóëîé

uk =
1

N

N−1∑

n=0

Un e−2πi kn/N

(4)

(3, 4) îòëè÷àþòñÿ òîëüêî çíàêîì â ïîêàçàòåëå ýêñïîíåíòû è

äåëåíèåì íà N. Çíà÷èò, ÷èñëåííûå ïðîöåäóðû äëÿ ïðÿìîãî

ÄÏÔ ìîãóò áûòü ëåãêî ìîäè�èöèðîâàíû è äëÿ îáðàòíîãî ÄÏÔ.

Äèñêðåòíûé àíàëîã ðàâåíñòâà Ïàðñåâàëÿ:

N−1∑

k=0

|uk|
2 =

1

N

N−1∑

n=0

|Un|
2

(5)
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Áûñòðîå ïðåîáðàçîâàíèå Ôóðüå (ÁÏÔ)

Ïåðåïèøåì �îðìóëó (3) äëÿ äèñêðåòíîãî ïðåîáðàçîâàíèÿ

Ôóðüå:

Un =

N−1∑

k=0

Wnk uk, W ≡ e2π i/N . (6)

Äëÿ âû÷èñëåíèÿ îäíîãî ýëåìåíòà Un ïîòðåáóåòñÿ N îïåðàöèé

êîìïëåêñíîãî óìíîæåíèÿ, à äëÿ âû÷èñëåíèÿ âñåõ ýëåìåíòîâ Un

� N2

îïåðàöèé (ïëþñ åùå ìåíüøåå êîëè÷åñòâî îïåðàöèé äëÿ

ãåíåðàöèè êîý�èöèåíòîâ Wnk
). Äëÿ ðåàëèçàöèè ÄÏÔ òðåáóåòñÿ

O(N2) îïåðàöèé.

Àëãîðèòì ÁÏÔ âûãîäíî îòëè÷àåòñÿ òåì, ÷òî äëÿ òîé æå çàäà÷è

åìó òðåáóåòñÿ âñåãî ëèøü O(N log2 N) îïåðàöèé. �àçíèöà

ìåæäó O(N2) è O(N log2 N) îãðîìíà, íàïðèìåð, ïðè N = 106

ÁÏÔ äàåò âûèãðûø â ≈ 5× 104 ðàç!
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Àëãîðèòì ÁÏÔ ñòàë øèðîêî èçâåñòåí â ñåðåäèíå 60-õ ïîñëå

ðàáîò Êóëè è Òüêè (J.W.Cooley, J.W.Tukey), îäíàêî ïîçæå

âûÿñíèëîñü, ÷òî ïîäîáíûå ìåòîäû áûëè íåçàâèñèìî è ðàíüøå

îòêðûòû äåñÿòêîì äðóãèõ èññëåäîâàòåëåé, íà÷èíàÿ ñ �àóññà

(1805 ãîä).

Ëåììà Äàíèåëüñîíà è Ëàíöà (Danielson and Lanzos):

äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå äëèíû N ìîæåò áûòü

çàïèñàíî êàê ñóììà äâóõ ïðåîáðàçîâàíèé äëèíû N/2

Un =

N−1∑

k=0

uk e
2πi kn/N =

N/2−1∑

k=0

u2k e
2πi (2k)n/N +

N/2−1∑

k=0

u2k+1 e
2πi (2k+1)n/N

=

N/2−1∑

k=0

u2k e
2πi kn/(N/2) + e2πin/N

N/2−1∑

k=0

u2k+1 e
2πi kn/(N/2) =

= U÷åò

n (N/2) +WnUíå÷åò

n (N/2), W ≡ e2π i/N.

Ëåììó Äàíèåëüñîíà è Ëàíöà ìîæíî ïðèìåíÿòü ðåêóðñèâíî.
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Ëåììó Äàíèåëüñîíà è Ëàíöà ìîæíî ïðèìåíÿòü ðåêóðñèâíî:

Un = U÷åò

n (N/2) +WnUíå÷åò

n (N/2) = (7)

=
[

U÷åò-÷åò

n (N/4) +WnU÷åò-íå÷åò

n (N/4)
]

+

+Wn
[

Uíå÷åò-÷åò

n (N/4) +WnUíå÷åò-íå÷åò

n (N/4)
]

= . . .

Ïóñòü N åñòü ñòåïåíü 2, ò.å. N = 2m (m � öåëîå). Íà ïðàêòèêå

îáû÷íî òàê è äåëàþò (åñëè ÷èñëî N 6= 2m, òî åãî íàäî óâåëè÷èòü

äî áëèæàéøåé ñòåïåíè äâîéêè, çàïîëíèâ äîáàâëåííûå ïîçèöèè

íóëÿìè). Î÷åâèäíî, ÷òî â ýòîì ñëó÷àå (N = 2m) ìû ìîæåì

ïðîäîëæàòü ðåêóðñèþ óìåíüøàÿ N âïëîòü äî åäèíèöû. Â êîíöå

êîíöîâ ïîëó÷èì îäíî-òî÷å÷íîå ïðåîáðàçîâàíå:

Uíå÷åò-÷åò-÷åò-. . . - íå÷åò-÷åò-íå÷åò

n (1) = uk äëÿ èíäåêñà k (8)
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Îñòàëîñü âûÿñíèòü êàêîé êîíêðåòíîé êîìáèíàöèè (÷åò) è

(íå÷åò) ñîîòâåòñòâóåò uk â âûðàæåíèè (8). Îòâåò: íàäî

ïðèçâåñòè îáðàùåíèå (ðåâåðñèþ) áèòîâ â êîìáèíàöèè

(íå÷åò-÷åò-÷åò-. . . - íå÷åò-÷åò-íå÷åò) è ýòî ÷èñëî â äâîè÷íîé

ñèñòåìå áóäåò ðàâíî ÷èñëó k â (8). Äëÿ ýòîãî íàäî ñíà÷àëà

çàïèñàòü êîìáèíàöèþ (íå÷åò-÷åò-÷åò-. . . - íå÷åò-÷åò-íå÷åò) â

äâîè÷íîé ñèñòåìå, ïðèñâîèâ çíà÷åíèÿ ÷åò= 0, íå÷åò= 1.

Íàïðèìåð, êîìáèíàöèÿ íå÷åò-÷åò-÷åò-. . . - íå÷åò-÷åò-íå÷åò

çàïèøåòñÿ â âèäå (100 . . . 101). Äëÿ îáðàùåíèÿ (èíâåðñèè) íàäî

ïðîñòî çàìåíèòü ïîðÿäîê ñëåäîâàíèÿ íóëåé è åäèíèö íà

îáðàòíûé, â íàøåì ïðèìåðå ïîëó÷èòñÿ ÷èñëî (101 . . . 001). Ýòî

÷èñëî è áóäåò ðàâíî ÷èñëó k â (8), çàïèñàííîìó â äâîè÷íîé

ñèñòåìå.
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Äàëüíåéøåå ïî÷òè î÷åâèäíî. Ìû ìîæåì âûáðàòü äâà

ñîîòâåòñòâóþùèõ îäíî-òî÷å÷íûõ ïðåîáðàçîâàíÿ âèäà (8),

îáðàçóþçùèõ 2-òî÷å÷íîå ïðåîáðàçîâàíèå. Òàêèõ ïàð áóäåò N/2.

Äàëåå ñîáèðàåì èç 2-òî÷å÷íûõ ïðåîáðàçîâàíèé 4-òî÷å÷íûå è

òàê äàëåå, ïîêà íå ïîëó÷èì äâå ïîëîâèíêè ïîëíîãî

ïðåîáðàçîâàíèÿ â ñîîòâåòñòâèè ñ �îðìóëîé (7). Êàæäàÿ òàêàÿ

êîìáèíàöèÿ òðåáóåò N îïåðàöèé, à êîëè÷åñòâî êîìáèíàöèé åñòü

log2N, ïîýòîìó âåñü àëãîðèòì òðåáóåò ïîðÿäêà N log2N

îïåðàöèé (ìû ñ÷èòàåì, ÷òî îïåðàöèÿ ñîðòèðîâêè ïðè

îáðàùåíèè áèòîâ òðåáóåò ìåíüøåå ÷èñëî îïåðàöèé).
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Êîëè÷åñòâî èí�îðìàöèè

�àññìîòðèì ñîîáùåíèå èç n. ×èñëî ãðàäàöèé � m. Ïîëíîå

êîëè÷åñòâî êîìáèíàöèé

N = mn

Êîë-âî èí�îðìàöèè I äîëæíî I ∼ n (êàê ñòîèìîñòü

òåëåãðàììû). Ñ äðóãîé ñòîðîíû I = f(N). Âûïèøåì:

df = Kdn, df =
df

dN
N ln(m)dn,

⇒ f = loga N

çäåñü K, a � ïîñòîÿííûå. Äëÿ îïðåäåëåíèÿ ïîñòîÿííîé a

âûáåðåì m = 2, n = 1 (�áèò� èí�îðìàöèè):
1 = loga(2

1), ⇒ a = 2
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df = Kdn, df =
df

dN
N lnmdn,

⇒ f = loga N

çäåñü K, a � ïîñòîÿííûå. Äëÿ îïðåäåëåíèÿ ïîñòîÿííîé a

âûáåðåì m = 2, n = 1 (�áèò� èí�îðìàöèè):

1 = loga(2
1), ⇒ a = 2

Ôîðìóëà äëÿ êîëè÷åñòâà èí�îðìàöèè:

I = log2N = n log2m
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Ïåðåäà÷à èí�îðìàöèè ÷åðåç êàíàë ñâÿçè

Ïóñòü ñîîáùåíèå � �óíêöèÿ u(t), åå ñïåêòð îãðàíè÷åí: f < F0.

Ïî ò. Êîòåëüíèêîâà � ïåðåäà÷à íàáîðà èìïóëüñîâ ÷åðåç âðåìÿ

∆t = 1/(2F0), çà âðåìÿ t � 2F0t èìïóëüñîâ. Åñëè ÷èñëî

ãðàäàöèé m, òî êîëè÷åñòâî èí�îðìàöèè I(t) è ñêîðîñòü R

ïåðåäà÷è èí�îðìàöèè:

I = 2F0t log2 m, (9)

R =
dI

dt
= 2F0 log2m.
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×èñëî ãðàäàöèé m íå ìîæåò áûòü áåñêîíå÷íûì èç-çà íàëè÷èÿ

øóìîâ. Øåííîí (1948 ã.):

Imax = F0t log2

(

1+
Ws

Wn

)

, (10)

Rmax =
dI

dt
= F0 log2

(

1+
Ws

Wn

)

, (11)

Ws � ìîùíîñòü ñèãíàëà, à Wn � ìîùíîñòü øóìà. Âåëè÷èíó Imax

(10) íàçûâàþò åùå îáúåìîì ñèãíàëà. Íàäî:

a) ïîëîñà ÷àñòîò Fk, ïðîïóñêàåìûõ êàíàëîì, äîëæíà áûòü

äîñòàòî÷íî âåëèêà: Fk > F0;

b) âðåìÿ ñâÿçè tk ÷åðåç êàíàë äîëæíî áûòü òàêæå äîñòàòî÷íî

âåëèêî: tk > t;

) ïðåâûøåíèå ñèãíàëà íàä øóìîì â êàíàëå

Hk = log2

(

1+ Ws

Wn

)

äîëæíî áûòü òàêæå áîëüøå

ñîîòâåòñòâóþùåé âåëè÷èíû H êàíàëà: Hk > H.
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Imax = F0t log2

(

1+
Ws

Wn

)

, (12)

Rmax =
dI

dt
= F0 log2

(

1+
Ws

Wn

)

, (13)

Âåëè÷èíó FktkHk íàçûâàþò åìêîñòüþ êàíàëà.
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Øóìû êâàíòîâàíèÿ

×èñëî ãðàäàöèé m. Ïóñòü íåò îáû÷íûõ øóìîâ. Ïóñòü øàã

äèñêðåòèçàöèè ðàâåí b. Åñëè àìïëèòóäà ñèãíàëà ðàâíîâåðîÿòíà

â ïðåäåëàõ øàãà b, òî çàìåíÿÿ åå äèñêðåòíûì çíà÷åíèåì, ìû

äîïóñêàåì îøèáêó.

2

1

0
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σ2 =

∫b/2

−b/2

1

b
x2 dx =

b2

12
,

Us = Uqs +øóì, Uqs = mb,

U2
s = U2

qs + σ2 = m2b2 +
b2

12
,

ãäå U2
qs � ñðåäíèé êâàäðàò êâàíòîâàííîãî ñèãíàëà, Âûðàæàåì

îòñþäà m è ïîäñòàâëÿåì â �îðìóëó Øåííîíà:

I = F0t log2

(

1+
U2

qs

σ2

)

= F0t log2 12m
2, (14)

R =
dI

dt
= F0 log2

(

1+
U2

qs

σ2

)

= F0 log2 12m
2. (15)
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�àçëè÷íûå êàíàëû ïåðåäà÷è èí�îðìàöèè

F0 m log2 m R áèò/ñ

Òåëåãðà� 4 · 102 �ö 2 1 8 · 102

Òåëå�îí 4 · 103 �ö 128 7 6 · 104

Òåëåâèäåíèå 6 · 106 �ö 30 ∼ 5 6 · 107

Èíòåðåñíî: ÷åðåç çðåíèå ÷åëîâåê ïîëó÷àåò 2 · 104 áèò/ñåê. Ýòî

ìíîãî ìåíüøå, ÷åì ïî ÒÂ: çàïèñûâàåòñÿ íå êàæäûé êàäð, à

ëèøü èçìåíåíèå êàðòèíêè (íî (!) ìîçã ïîìíèò âñþ òåêóùóþ

êàðòèíêó).
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Ñîâðåìåííûå êàíàëû èí�îðìàöèè: ÑÂ× êàáåëü, âèòàÿ ïàðà è

îïòè÷åñêèé âîëíîâîä.

ÑÂ× êàáåëü: F0 ≃ 1010 �ö, ò.å. ïî ÑÂ× êàáåëþ ìîæíî

ïåðåäàâàòü ∼ 1000 ÒÂ êàíàëîâ èëè 2, 5 · 106 òåëå�îííûõ

êàíàëîâ.

Âèòàÿ ïàðà (äåøåâëå è óäîáíåå). Ñêîðîñòü ïåðåäà÷è

100 . . . 1000 Ìáèò/ñåê.

Îïòè÷åñêèé êàáåëü: F0 ≃ 1014 �ö, (ïîêà ïîëîñà ÷àñòîò ëèøü

∼ 1010 �ö). Ñêîðîñòü ïåðåäà÷è èí�îðìàöèè: äî 100 �áèò/ñåê.

Äèàìåòð ñåðäöåâèíû ∼ 5 µ, îáîëî÷êà ∼ 20 µ. Çàòóõàíèå íà äëèíå

âîëíû λ ∼ 1.6 µ, ñîñòàâëÿåò 0, 2 äá/êì (èíòåíñèâíîñòü

óìåíüøàåòñÿ â e ðàç íà ðàññòîÿíèè 30 êì). Íà êàæäîì

âîëíîâîëå íóæíû îïòè÷åñêèå óñèëèòåëè íà ðàññòîÿíèè ∼ 10 êì.
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Íàäåæíîñòü ïåðåäà÷è èí�îðìàöèè

Ïóñòü îäèò áèò � çà âðåìÿ τ, ïîëîñà ÷àñòîò ∆f ≃ 1/τ. Ìîùíîñòü

òåïëîâûõ øóìîâ â ñîãëàñ. ëèíèè WT = κT ∆f, ïîýòîìó äëÿ

ïåðåäà÷è êàæäîãî áèòà íóæíà ýíåðãèÿ > κT .

Âåëè÷èíà E/κT ïîñòîÿííî óìåíüøàåòñÿ. Åñëè ñðåäíÿÿ ýíåðãèÿ,

ðàññåèâàåìàÿ ïðîöåññîðîì W, òàêòîâàÿ ÷àñòîòà ν, à êîëè÷åñòâî

ýëåìåíòîâ N, òî î÷åâèäíî, ÷òî

E

κT
=

W

νNκT
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Ïðèâåäåì îöåíêè äëÿ ðàçëè÷íûõ ïðîöåññîðîâ:

Ïðîöåññîð W ν N E

κT

886 1 Âò 5 Ì�ö 5 · 104 ∼ 109

Pentium 4

100 Âò 3 ��ö 108 ∼ 7 · 104

Ìîá. Pentium 4

10 Âò 3 ��ö 5 · 107 ∼ 104

Core Duo (2007) 10 Âò 3 ��ö 3 · 108 ∼ 103

Â îïòèêå κT ≪ ~ω.

Ïðåäåëüíàÿ âåëè÷èíà äëÿ ïåðåäà÷è îäíîãî áèòà çà âðåìÿ τ:

E ≥
~

τ
.


