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Ëèíåéíûå ñèñòåìû

. Ñîñðåäîòî÷åííûå öåïè.

Ïóñòü L � ðàçìåðû ñèñòåìû, c � ñêîðîñòü ñâåòà,

T � õàðàêòåðíîå âðåìÿ (T = 1/ν).

Óñëîâèå êâàçèñòàöèîíàðíîñòè:

L

c
≪ T èëè

L

λ
≪ 1, λ =

c

ν

λ ≤ L � ðàïðåäåëåííàÿ ñèñòåìà.

ν = 50 �ö −→ λ ≃ 6 000 êì (Ìîñêâà ∼ 30 êì)

ν = 100 Ì�ö (FM äèàïàçîí) −→ λ ≃ 3 ì
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Èäåàëüíûå ñîñðåäîòî÷åííûå ýëåìåíòû

PSfrag replaements

R C L
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Ïðîñòåéøèå ìîäåëè,

ó÷èòûâàþùèå ïàðàçèòíûå ý��åêòû.

PSfrag replaements

Rp

rp

rp

Cp
Lp

Ëèíåéíîñòü:

dU
dI

= R = const, dΦ
dI

= L = const, dQ
dU

= C = const.

Ýòî ñïðàâåäëèâî ïðè ìàëûõ I, U, Q, Φ
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Ìàëîñòü

Â êàæäîì ñëó÷àå òðåáóåòñÿ àíàëèç ìàëîñòè.

Òóííåëüíûé äèîä

PSfrag replaements

U

I

10 mA

0.1 Â
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Ìåçîñêîïè÷åñêèé êîíòàêò

PSfrag replaements

U

B > 0

1/R

50 ìêì

20 ìêÂ

N2e2

~
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Ñîïðîòèâëåíèå

UR = IRR, [R] = Îì;

G = 1/R, [G] = Ñèìåíñ

Ýíåðãèÿ (â òåïëî): WR =

∫ t

0

I2RRdt =

∫ t

0

U2
R

R
dt =

∫ t

0

IRURdt,

Ìîùíîñòü: PR = J2RR =
U2

R

R
= URIR
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Êîíäåíñàòîð

QC = UCC, [C] = � (�àðàäà),

IC =
dqC

dt
= C

dUC

dt

,

IC(ω) = iωC ·UC(ω)

Íàïðÿæåíèå: UC =

∫ t

0

IC(t)

C
dτ+UC(0),

Èçìåíåíèÿ ýíåðãèè: WC = WC(t) −WC(0) =

=
CU2

C(t)

2
−

CU2
C(0)

2
.
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Êàòóøêà èíäóêòèâíîñòè

ΦL = LIL, [L] = �í (�åíðè),

UL =
dΦL

dt
= L dIL

dt

×àñòîòíîå ïðåäñò.: UL = iωL · IL(ω)
Òîê: IL =

∫ t

0

UL(t)

L
dτ+ IL(0),

Èçìåíåíèÿ ýíåðãèè: WL = WL(t) −WL(0) =

=
LI2L(t)

2
−

LI2L(0)

2
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Èñòî÷íèêè ñèãíàëà

�åíåðàòîð íàïðÿæåíèÿ:

U0 = I(Ri + RH), URH
= U0

RH

Ri + RH

URH
≫ URi

åñëè Ri ≪ RH

PSfrag replaements

U0

Ri

RH
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�åíåðàòîð òîêà:

I0 = IRH + IRi
, IRH

=
I0Ri

Ri + RH

, IRi
=

I0RH

Ri + RH

, ,

IRH
≫ IRi

åñëè Ri ≫ RH

PSfrag replaements

I0 Ri

RH
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Ñðàâíèì

PSfrag replaements U0
Ri

RH

URH
= U0

RH

Ri + RH

PSfrag replaements

I0 Ri
RH IRH

=
I0Ri

Ri + RH

,

⇒ URH
= I0Ri

RH

Ri + RH
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Òåîðåìà îá ýêâèâàëåíòíîì ãåíåðàòîðå

PSfrag replaements

U

ýêâ

R

ýêâ I

ýêâ

R

ýêâ

U

ýêâ

= U

xx

, I

ýêâ

= I
êç

, R

ýêâ

=
U

xx

I

êç

Ïðèíöèï ñóïåðïîçèöèè ñïðàâåäëèâ

òîëüêî â ëèíåéíûõ ñèñòåìàõ !
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Ïðèìåð

PSfrag replaements

U0

I0

R

r U

ýêâ

R

ýêâ I

ýêâ

R

ýêâ

U

xx

= U0

r

r+ R
+ I0

rR

r+ R
, I

êç

= I0 +
U0

R
,

R

ýêâ

=
U

xx

I

êç

=
Rr

R+ r
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Àíàëèç ëèíåéíûõ ñèñòåì

Â îáùåì ñëó÷àå àíàëèç ëèíåéíîé ñèñòåìû ñâîäèòñÿ ê

ðåøåíèþ ñèòåìû ëèíåéíûõ äè��åðåíöèàëüíûõ (èëè

èíòåãðî-äè��åðåíöèàëüíûõ) óðàâíåíåíèé ñ

ïîñòîÿííûìè êîý��èöèåíòàìè ïî ïðàâèëàì Êèðõãî�à.

Çàäà÷à ïðoñòàÿ, íî ãðîìîçäêàÿ.

Äëÿ òàêèõ ñèñòåì (âñïîìíèì ìàòåìàòèêó) ñïðàâåäëèâ

ïðèíöèï ñóïåðïîçèöèè
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Ïðèíöèï ñóïåðïîçèöèè : Åñëè â öåïè åñòü íåñêîëüêî

èñòî÷íèêîâ òîêà èëè íàïðÿæåíèÿ, òî ìîæíî ðàññ÷èòàòü

îòêëèê ñèñòåìû íà êàæäûé èñòî÷íèê îòäåëüíî. Òîãäà

îòêëèê ñèñòåìû â öåëîì áóäåò ïðîñòî ðàâåí ñóììå

îòäåëüíî ðàññ÷èòàííûõ îòêëèêîâ.

(Êàæäûé èñòî÷íèê �íå ìåøàåò� è �íå ïîìîãàåò� äðóãîìó,

à ðàáîòàåò íåçàâèñèìî).

Ìåòîä êîìïëåêñíûõ àìïëèòóä � çàìåíà

èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé íà

àëãåáðàè÷åñêèå.
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Ïðèìåð (ïðàâèëà Êèðõãî�à):

PSfrag replaements

a

b


d

e

f

L

R1

R2

C
Ug1

Ug2

I1 I2
I3

Êîíòóð abefa : Ug1 = I1R1 + I2R2 + iωL I1,

Êîíòóð bcdeb : Ug2 =
I3

iωC
− I2R2,

Óçåë b : I1 = I2 + I3
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Ïðèìåð (ïðèíöèï ñóïåðïîçèöèè):

PSfrag replaements

a

b


d

e

f

L

R1
R2

C
Ug1

Ug2

Ĩ1 Ĩ2
Ĩ3

Ug1 = Ĩ1

(

R1 + iωL+
R2

1
iωC

R2 +
1

iωC

)

,

Ĩ2R2 =
Ĩ1R2

iωC
(

R2 +
1

iωC

) ⇒ Óçåë b : Ĩ1 = Ĩ2 + Ĩ3,

Àíàëîãè÷íî äëÿ òîêîâ Î1, Î2, Î3, âûçâàííûõ Ug2.

Çàòåì òîêè ñëîæèòü (!)
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Ìåòîä êîìïëåêñíûõ àìïëèòóä

Ïóñòü â öåïè äåéñòâóþò èñòî÷íèêè

(íàïðÿæåíèÿ èëè òîêà) íà îäíîé ÷àñòîòå

en = Ẽn cos(ωt+ φn), in = Ĩn cos(ωt+ φ̄n) (1)

Òîãäà óñòàíîâèâøèåñÿ òîêè è íàïðÿæåíèÿ áóäóò

èìåòü òó æå ÷àñòîòó, íî ðàçíûå �àçû.

Âàæíî: âñå ïåðåõîäíûå ïðîöåññû çàòóõëè.
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Íàïîìèíàíèå èç ÒÔÊÏ:

Z = a+ ib =
√

a2 + b2 eiϕ, ϕ = arg(Z) = arctg

(

b

a

)

,

eix = cos x+ i sin x, (òåîðåìà Ýéëåðà).

Ïðåäñòàâèì íàïðÿæåíèå â âèäå:

U(t) = |A| cos(ωt+ φ) = ℜ
(

|A|ei(ωt+φ)
)

=

= ℜ
(

|A|eiφ eiωt
)

= ℜ
(

A eiωt
)

,

A = |A|eiφ, � êîìïëåêñíàÿ àìïëèòóäà
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�àçëîæåíèå ñèãíàëà ïî ãàðìîíè÷åñêèì ñîñòàâëÿþùèì

Èíòåãðàë Ôóðüå:

U

âõ

(t) =

∫
∞

−∞

Ũ

âõ

(ω) eiωt dω

2π
,

Ũ

âõ

(ω) =

∫
∞

−∞

U

âõ

(t) e−iωt dt,

U

âûõ

(t) =

∫
∞

−∞

Ũ

âûõ

(ω) eiωt dω

2π
,

Ũ

âûõ

(ω) =

∫
∞

−∞

U
âûõ

(t) e−iωt dt.

Â ÷åì �óäîâîëüñòâèå� îò ðàçëîæåíèÿ â èíòåãðàë Ôóðüå?
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Ñâîéñòâà ðàçëîæåíèÿ Ôóðüå

f(t) = A cos(ωt+ φ) ⇒ f(t) = ℜ
(

Aeiωt
)

,
(

A = |A|eiφ
)

df(t)

dt
= −ωA sin(ωt+ φ) ⇒

df(t)

dt
= ℜ

(

iωAeiωt
)

∫
f(t)dt =

A

ω
sin(ωt+ φ) ⇒

∫
f(t)dt = ℜ

(

A
iω

eiωt

)

Äè��. è èíòåãð. ⇒ óìíîæåíèå è äåëåíèå
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Ñâ¼ðòêà

U

âûõ

(t) =

∫
∞

−∞

χ(t− τ)U

âõ

(τ)dτ,

U

âûõ

(ω) =

∫
∞

−∞

e−iωt

[∫
∞

−∞

χ(t− τ)U

âõ

(τ)dτ

]

dt =

=

∫
∞

−∞

e−iω(t−τ)χ(t− τ)dt

︸ ︷︷ ︸
χ(ω

∫
∞

−∞

e−iωτU

âõ

(τ)dτ

︸ ︷︷ ︸
U

âõ

(ω)

=

= χ(ω)U

âõ

(ω)

Îïÿòü èíòåãð. ⇒ óìíîæåíèå (!)
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Õàðàêòåðèñòèêè ëèíåéíûõ öåïåé

PSfrag replaements

U

âõ

U

âûõ

Ïðèìåì, ÷òî ãåíåðàòîð íàïðÿæåíèÿ U

âõ

èìååò íóëåâîå

âíóòðåííåå ñîïðîòèâëåíèå.

Íàñ èíòåðåñóåò ñâÿçü ìåæäó U

âõ

è U
âûõ

.
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1. �àçëîæåíèå ïî ãàðìîíèêàì

Pÿä Ôóðüå:

U
âõ

(t) =

∫
∞

−∞

Ū

âõ

(ω) eiωt dω

2π

Êîý��èöèåíò ïåðåäà÷è:

K(ω) =
Ū

âûõ

(ω)

Ū

âõ

(ω)

� êîìïëåêñíàÿ âåëè÷èíà,

|K(ω)| − À×Õ (àìïëèòóäíî-÷àñòîòíàÿ õàðàêòåðèñòèêà),

argK(ω) − Ô×Õ (�àçîâî-÷àñòîòíàÿ õàðàêòåðèñòèêà).
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Ïðèìåð:

C

R

1

PSfrag replaements

U

âõ

U

âûõ

π/2

1/RC

1/RC

ω

ω

|K|

arg(K)

K(ω) =
IR

I
(

R+ 1
iωC

) =
iωRC

1+ iωRC
,

|K(ω)| =
ωRC

√

1+
(

ωRC
)2
, argK(ω) =

π

2
− artg

(

ωRC
)
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2. �àçëîæåíèå ïî ñòóïåí÷àòûì �óíêöèÿì

H(t) ≡ 1(t) ≡






1 åñëè t > 0,

1/2 åñëè t = 0,

0 åñëè t < 0

∂tH(t) = δ(t)

H

1

t

U

âõ

(t) =

∫ t

−∞

Ũ
âõ

(τ)H(t − τ)dτ, (2)

U

âûõ

(t) =

∫ t

−∞

Ũ

âõ

(τ)h(t− τ)dτ, (3)

h(t) � ïåðåõîäíàÿ õàðàêòåðèñòèêà.
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Îáðàç Ũ ðàçëîæåíèÿ ïî ñòóïåíüêàì H(t): Ũ(t) = ∂tU(t)

PSfrag replaements

U

tt0

∆U(t0) ∆U(t0) = U ′(t)dt×H(t− t0),

Ũ

âõ

(t) = ∂tUâõ(t),

Ïîêàæåì ýòî ñòðîãî,

äè��åðåíöèðóÿ (2):

dU

âõ

(t)

dt
= ∂t

(∫ t

−∞

Ũ
âõ

(τ)H(t − τ)dτ

)

=

= Ũ

âõ

(t)H(0) +

∫ t

−∞

Ũ

âõ

(τ)δ(t− τ)dτ =

= Ũ

âõ

(t)

(

1

2
+

1

2

)

= Ũ
âõ

(t)
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Ïðèìåð:

C

R

PSfrag replaements

U

âõ

U

âûõ

1

RC t

h(t)

U

âõ

(t) = RI(t) +

∫ t

−∞

I(t)

C
dt = R

dQ(t)

dt
+

Q(t)

C

(4)

Q(t) =

∫ t

−∞

U

âõ

(τ)

R
e−(t−τ)/RC dτ, U

âõ

(τ) = H(τ),

Q(t) = C
(

1− e−t/RC
)

H(t), (5)

U

âûõ

= RI(t) = R
dQ(t)

dt
= e−t/RC H(t), (6)
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Áîëåå �îðìàëüíî âûâîäèì (6):

U

âûõ

= R∂tQ = U

âõ

(t) −

∫ t

−∞

U

âõ

(τ)∂τ

(

e−(t−τ)/RC
)

dτ,

Ïî ÷àñòÿì:

= U

âõ

(t) −U
âõ

(t) +

∫ t

−∞

e−(t−τ)/RC ∂τUâõ(τ)dτ,

=

∫ t

−∞

dU

âõ

(τ)

dτ
e−(t−τ)/RCdτ ⇒ e−t/RC H(t),

Çäåñü ïîäñòàâëåíî U

âõ

(τ) = H(τ) :

h(t) = H(t) e−t/RC,
dH(τ)

dτ
= δ(τ).



Ñ. Ï. Âÿò÷àíèí, �àäèî�èçèêà. Ëèíåéíûå ñèñòåìû, Ëåêöèÿ 1 30

3. �àçëîæåíèå ïî δ-�óíêöèÿì (�óíêöèÿ �ðèíà)

U

âõ

(t) =

∫
∞

−∞

Ŭ

âõ

(τ) δ(t− τ)dτ, Ŭ

âõ

(τ) = U

âõ

(τ)

U

âûõ

(t) =

∫
∞

−∞

Ŭ
âõ

(τ)g(t− τ)dτ.

Èìïóëüñíàÿ õàðàêòåðèñòèêà g(t) � îòêëèê íà δ-�óíêöèþ

Ñâÿçü g è h: ïîñêîëüêó

dH(τ)

dτ
= δ(τ), ⇒ g(τ) =

dh(τ)

dτ

(7)
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Îáðàç Ŭ

âõ

ðàçëîæåíèÿ ïî δ-èìïóëüñàì: Ŭ

âõ

(t) = U

âõ

(t)

PSfrag replaements

U
âõ

(t)

t
ti

U

âõ

(ti)Π(t− ti)∆t

U

âõ

≃
∑

i

U

âõ

(ti)Π(t− ti)∆t ⇒
∫
∞

−∞

U

âõ

(τ) δ(t− τ)dτ
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Ïðåäñòàâëåíèÿ δ-�óíêöèè

Π∆(t) =





1/∆ åñëè |t| ≤ ∆/2,

0 åñëè |t| < ∆/2

∫
∞

−∞

Π∆(t)dt = 1

D(t, α) =
1√
2πα2

exp

(

−t2

2α2

)

,

∫
∞

−∞

D(t, α)dt = 1,

δ(t) = lim
∆→0

Π∆(t) = lim
α→0

D(t, α)
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Íàø ïðèìåð:

C

R

PSfrag replaements

U

âõ

U

âûõ

RC t

g(t)

Äè��åðåíöèðóþ (5) è ïîäñòàâëÿþ U

âõ

(t) = δ(t):

Q(t) =

∫ t

−∞

U

âõ

(τ)

R
e−(t−τ)/RC dτ (5),

U

âûõ

(t) ≡ R
dQ(t)

dt
= U

âõ

(t) −

∫ t

−∞

U

âõ

(τ) e−(t−τ)/RC dτ

RC
,

g(t) = δ(t) −
H(t)

RC
e−t/RC.
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Ñâÿçü �óíêöèé: K(ω), h(t), g(t)

K(ω) =

∫∞

−∞
g(t)e−iωt dt, (8)

g(t) =

∫∞

−∞
K(ω) eiωt dω

2π
, (9)

h(t) =

∫∞

−∞

K(ω)

iω+ ǫ
eiωt dω

2π
, ǫ → 0,(10)

g(t) =
dh(t)

dt
. (11)
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Âûâåäåì �îðìóëû (8) è (9): Ïóñòü U

âõ

(t) = δ(t).

Òîãäà

U

âõ

(t) = δ(t) =

∫
∞

−∞

eiωt dω

2π
, ò.å. U

âõ

(ω) = 1

U

âûõ

(t) =

∫
∞

−∞

U
âõ

(ω)︸ ︷︷ ︸
1

K(ω) eiωt dω

2π
=

=

∫
∞

−∞

U

âõ

(τ)︸ ︷︷ ︸
δ(τ)

g(t− τ)dτ = g(t).
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Âûâåäåì �îðìóëó (10):

Ôîðìàëüíî H(t) íå èìååò Ôóðüå ïðåäñòàâëåíèÿ,

ïîñêîëüêó íå èíòåãðèðóåìà â áåñê. ïðåäåëàõ.

U

âõ

= H(t) = lim
ǫ→0

e−ǫt, t > 0,

H(ω) =

∫
∞

0

e−(iω+ǫ)τ dτ =
1

iω+ ǫ
= U

âõ

(ω),

U

âûõ

(t) =

∫
1

iω+ ǫ︸ ︷︷ ︸
U

âõ

(ω)

K(ω) eiωt dω

2π
= h(t)
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Íàø ïðèìåð:

C

R

PSfrag replaements

U

âõ

U

âûõ

i/RC t

t > 0

t < 0

K(ω) =
iωRC

1+ iωRC
, (12)

h(t) =

∫
∞

−∞

eiωt

iω+ ǫ

iωRC

(1+ iωRC)

dω

2π
= (13)

=

∫
∞

−∞

RCeiωt

(1+ iωRC)

dω

2π
=

∫
∞

−∞

eiωt

i(ω− i/RC)

dω

2π
=

= 2πi Âû÷(ω = i/RC) = H(t) e−t/RC. (14)
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Íàø ïðèìåð. Èùåì g(t):

K(ω) =
iωRC

1+ iωRC
= 1−

1

1+ iωRC
, (15)

g(t) =

∫
∞

−∞

(

1−
1

1+ iωRC

)

eiωt dω

2π
= (16)

= δ(t) −
H(t)

RC
e−t/RC, (17)

Èíà÷å, (18)

g(t) =
dh(t)

dt
= δ(t) −

H(t)

RC
e−t/RC. (19)
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Äðóãèå ïðèìåðû:

PSfrag replaements

U

âõ

U

âõ

U

âûõ

U

âûõ

L
R

R

C

KRC(ω) =
1

1+ iωRC
, KLR(ω) =

1

1+ iωL/R
,

K(ω) =
1

1+ iωτ∗
, τ∗ = RC =

L

R
,

τ∗ � âðåìÿ ðåëàêñàöèè öåïî÷êè.
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Âû÷èñëÿåì ïåðåõîäíóþ è èìïóëüñíóþ õàðàêòåðèñòèêè:

h(t) =

∫
∞

−∞

eiωt

(iω+ ǫ)(1+ iωτ∗)

dω

2π
=

=

∫
∞

−∞

eiωt

(

1

i(ω− iǫ)
−

1

i(ω− i/τ∗)

)

dω

2π
=

= H(t)
(

1− e−t/τ∗
)

,

g(t) =

∫
∞

−∞

eiωt

1+ iωτ∗
dω

2π
=

H(t)

τ∗
e−t/τ∗ ,

Èíà÷å:

g(t) =
dh(t)

dt
=

dH(t)

dt︸ ︷︷ ︸
δ(t)

(

1− e−t/τ∗
)

︸ ︷︷ ︸
=0 ïðè t=0

+
H(t)

τ∗
e−t/τ∗ .
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Äè��åðåíöèðóþøàÿ öåïî÷êà

PSfrag replaements

U

âõ

U

âõ

U

âûõ

U

âûõ

R
R

C
L

K(ω) =
iωτ∗

1+ iωτ∗
, τ∗ = RC =

L

R
,

h(t) = H(t) e−t/τ∗ , g(t) = δ(t) −H(t) e−t/τ∗ .

Óñëîâèÿ �äè��åðåíöèðóåìîñòè�:

ωτ∗ ≪ 1, t

õàð

≫ τ∗
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Äè��åðåíöèðîâàíèå ïðÿìîóãîëüíîãî èìïóëüñà

PSfrag replaements

U
âõ

U

âûõ

τ∗

τ∗
t

tt0
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Èíòåãðèðóþùàÿ öåïî÷êà

PSfrag replaements

U

âõ

U

âõ

U

âûõ

U

âûõ R
R

C
L

K(ω) =
1

1+ iωτ∗
, τ∗ = RC =

L

R
,

h(t) = H(t)
(

1− e−t/τ∗
)

, g(t) =
H(t)

τ∗
e−t/τ∗ .

Óñëîâèÿ �èíòåãðèðóåìîñòè�:

ωτ∗ ≫ 1 , t

õàð

≪ τ∗
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Ïðèìåð: èíòåãðèðîâàíèå ïðÿìîóãîëüíîãî èìïóëüñà
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t

t

t0


